A concept of volatility modulated Volterra processes is introduced. Apart from some brief discussion of generalities, the paper focusses on the special case of backward moving average processes driven by Brownian motion. In this framework, a review is given of some recent modelling of turbulent velocities and associated questions of time change and universality. A discussion of similarities and differences to the dynamics of financial price processes is included.
Introduction
Change of time is an important concept in stochastic analysis and some of its applications, especially in mathematical finance and financial econometrics, with quadratic variation and its interpretation as integrated squared volatility playing a key role. (A rather comprehensive treatment of this will be available in [27] .) On the other hand there are well known similarities, as well as important differences, between the dynamics of financial markets and of turbulence. From these prospects, the present paper discusses some recent modelling in turbulence and associated questions of time change.
To set the discussion in perspective, a general concept of volatility modulated Volterra processes is introduced. This would seem to be of some rather wide interest in mathematical modelling. Here we focus on its relevance for stochastic modelling of turbulence. For a masterly overview of the main approaches to modelling of turbulence see [51] , cf. also [50] .
A summary comparison of main stylized features in finance and turbulence is given in the next Section. Of central importance is the fact that volatility is a key concept in turbulence as well as in finance, though in turbulence the phenomenon is referred to as intermittency.
The notion of change of time in mathematical finance and financial econometrics refers to an increasing stochastic process as the time change while in turbulence we have in mind a deterministic time change. We provide empirical and theoretical evidence for the existence of an affine deterministic time change in turbulence in terms of which the main component of the velocity vector in a turbulent flow behaves in a universal way over a wide range of scales. We also discuss the limitations of this type of universality and briefly outline the extension to a non-affine deterministic change of time and its relevance for universality of velocity increments.
Section 2 provides some background on turbulence and the similarities and differences between turbulence and finance, and recalls some features of the Normal inverse Gaussian distribution. Section 3 discusses volatility modulated Volterra processes and their behaviour under change of time. A more general discussion of change of time for stationary processes is presented in Section 4. Section 5 provides empirical and theoretical evidence for the relevance of change of time in turbulence. The potential of Volterra processes for modelling velocity fields in turbulence is outlined in Sections 6 and 7. Section 8 relates the concept of change of time to the particular setting of the proposed modelling frameworks in finance and turbulence. This leads to a primitive and a refined universality statement for turbulence in Section 9. Section 10 concludes.
Background
The statistics of turbulent flows and financial markets share a number of stylized features ([36] , [44] , [27] and [7] ). The counterpart of the velocity in turbulence is the log price in finance, and velocity increments correspond to log returns. The equivalent of the intermittency of the energy dissipation in turbulence is the strong variability of the volatility in financial markets. Subsection 2.1 briefly summarizes some basic information on turbulence, and subsection 2.2 lists the most important similarities and differences between turbulence and finance. The normal inverse Gaussian laws constitute a useful tool in both fields and some of the properties of these laws are recalled in the Appendix.
Turbulence
There is no generally accepted definition of what should be called a turbulent flow. Turbulent flows are characterized by low momentum diffusion, high momentum convection, and rapid variation of pressure and velocity in space and time. Flow that is not turbulent is called laminar flow. The non-dimensional Reynolds number R characterizes whether flow conditions lead to laminar or turbulent flow. Increasing the Reynolds number increases the turbulent character and the limit of infinite Reynolds number is called the fully developed turbulent state.
The most prominent observable in a turbulent flow is the main component of the velocity field V t as a function of time t and at a fixed position in space. A derived quantity is the temporal surrogate energy dissipation process
